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MATHEMATICS

( Honours )

Paper : MAT-HC-1026
( Algebra )

Full Marks : 80

Time : 3 hours

The figures in the margin indicate full marks
for the questions

1. Answer the following questions : 1x10=10

() Find the polar coordinates of the
point (6, 6+/3).

(b} For Zy, Zn € C, is the

number
27y + 2 -z, a real number?

(¢} Using quantifiers, write the statement
In this book some Pages do not contain
any picture.”
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(d) Is the function [ :2Z — Z defined by
f(x) =3x+ 7 one-one?

(e) Let X={a b ¢} and Y ={1, 2, 3}.
Consider the subset R of X xY as

R={al), (q 3), (b 2)}. Is there any
element in X, which is not related to any
element in Y under R? Justify.

() Define f:R —- R by f(x) =mx+b. Under
what condition f is linear?

(g) Write the system as a vector equation
and then as a matrix equation :

6 1
() If A=[3 2] and B=[4 3], then find

det(A — B).

() Is IN and 2NN, the set of even positive
integers, have the same cardinality?

) Let A={xyeR?:x?+y%2=1 and
B={x yyeR?: x=1}. Find An B,

2. Answer the following questions : 2x85=10

(a) Find the geometric image of the complex
number z in |z -2|= 3.
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(3)

(b) For what values of hand k, the following,
system of equations 18 consistent?

-6xy +3xy =k

(0 Write the negation of the following
statements :

() A:3 xe X (xhas property Pand Q)
(i) B:V xe X (x has property P or J

(d) Find the fourth roots of unity and
interpret the result geometrically.

fe) Consider the relation on R with the
defining set

R ={x yeRxR: xy>0} u {0, 0)}

Is R an equivalence relation?

3. Answer any four questions of the following :

Sx4=20
(@) Find the polar representation of the
complex number

z=14cosa +isina, a € (0, 2n) S
(b) Prove that for any sets A, Band C
An(BuC):(AnB)u(AnC) S
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(d)

7 NazPO, +8Ba(NO

(e)
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(4)

Let f: X —Y be amap and By, B, C Y.
Prove that

FBinBy) = 1B By

Balance the chemical equation using
the vector equation approach. When
solutions of sodium phosphate and
barium nitrate are mixed, the result is

barium phosphate and sodium nitrate.
The unbalanced €équation is

3)2 o Ba3(P04)2 +NaNO3

Let ﬂx,y)=(3x+y, Sx+ 7y, x +3y).
Show that 7T is a one-one linear
transformation. Does 7T map R-?
onto R37

What is the correspondence between the
linear independence of the columns of 4

matrix A and the €quation Ax = 8? Use

this fact to check the columns of matrix
given below are g linear]

Yy independent
set :
(1 0 27
2 10
| R |
{1 s R |
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4. Answer any four questions of the following :

(@)

(b)
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(1)

(ii)

10%4=40
Compute : S
_1-)"°W3+9)°
(-1-iy/3)!°
Let 2, z,, 23 be cbmplex numbers,

such that 2z +2z,+2;=0 and
|21] = |25| = |z3| = 1. Then prove that

zp +z§3 +z§’ =0

If f:X—>Y and g:Y — X be such
that go f =1,y and f o g =14y, then
prove that f and g are bijective.

Let f:R—[0, o) be defined by
f()=x? and g:[0, = » R defined
by g(x) =Jx, the unique
non-negative square root of x. Find

Jeg and gof. Is fog=gof?
If not, when are they equal?
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(6)

(c) Define equivalence relation on a
non-empty set X. Show that the relation

congruence modulo n, where n#0, is
any fixed integer on the set Z of integers,

defined by
a=b(modn)iff n/a-b

is an equivalence relation. Find all the
distinct equivalence classes of Zif n =4,
so that Z is the union of these. 1+4+5=10

(d) Define well-ordering principle. Prove
that if a, be Z with ae N, then there
exists unique integers g and r such -

that—
(i) b=aqg+r;
(i) O<r<a 2+8=10

(e) (i) Write true or false and give their
converse statements :

A : If the apple is red, then it is ripe.
B :In case the bakery is open, I will

buy a cake for you. 4
(i Write the contrapositive and
negation of the following
statements :

P: If the boy owns a BMW car, then
he is rich.
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(7))

Q : For an integer n, if n? <20, then
n<>a.

R : For an integer x, if x? -6x+5is
even, then x is odd. 6

(f/ Define a homogeneous system of linear
equations. Write the solution set of the
given homogeneous system in
parametric vector form :

x+3y-5z=0
x+4y-8z=0
-3x-7Ty+9z=0

Also describe the solution set of the
_ following system in parametric vector
form :
x+3y—-5z=4
x+4y—-8z="7
-3x-TYy+9z=-6

Provide a  geometric comparison
between the two solution sets.
2+3+3+2=10

(g9 (i) If A is an nxn invertible matrix,
then for each b in R", prove that

the equation AX =b has a unique
solution X = A™'b. 2
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(8)

(i) Prove that an nxn matrix. A is
invertible if and only if A is row
equivalent to I, . Also, any sequence
of elementary operations that
reduces A to I, also transforms I

to A. 3
(i) Find the inverse of the matrix
O 1 2
A=(1 0 3
4 -3 8

if it exists by performing suitable
row operations on the augmented
matrix [A : ] S

(h) (i) Prove that an index set
-> - -
S={v, Uy, =+, Up} Of two or more

vectors is linearly dependent if and
only if at least one of the vectors is
a linear combination of the others. 4

(i) Find the area of the parallelogram
whose vertices are (-1,0), (O, 5),

(1, —4) and (2, 1) using determinant. 3

(iii) If A and B are n xn matrices, then

prove that
det(AB) = (det A)(detB) 3
* K %k
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