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MATHEMATICS
(Honours)

Paper : MAT-HC-3016
( Theory of Real Functions)
Full Marks : 80
Time : Three hours

The figures in the margin indicate
Jull marks for the questions.

1.  Answer the following as directed : \1x10=10

: . x3-4
(a) Find cht_rg )
(b) Is the function f(x)= xSin(l] ‘
X

continuous at x=0 ?

| (c) Write the cluster points of A=" (O 1).,
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1. Answer the following as ,directed_. 3 "al x10=10

4 l x2eidor a3 16 Joo7
im -
( -} (Cl) Flnd x—>2 x? +1

(b) Is the function f ().C)=J.~csm‘(;)

continuous at x=0 ?
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(c) Write the cluster/ points of A=(0, 1)\,

Contd |




@

(g)_ _

(h)

(i)

6

If a function f: (a 00) - IR is such‘

that lim x f (x) L, where [eR, then

X —>©

lim f(x)="?

Write the points of continuity of the

function f(x)=cosy1+x?, xeR.

“Every polyn-omial of odd degree with
real coefficients has at least one real

- roof.” Is this statement true or false ?

The derivatiVe of an éven fuhction is
— - function. . (Fill in the blank)

Between any two roots of the function
f(x)=sinx, there is at least

root of the function f(x)=cosx.
| (Fill in the blank )

If fx)—lx l for erR, then find
f (x) for erR |

Write the number of solutions of the

' equation In(x)=x-2.
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2. C-Answer the following questions : ox5=10"

(q}' Sh‘OW that li_%'(x+sgn(x)) does not

exist.

(b) Let fbe deﬁned for all erR, x #3 by

(x)— e :)_C312 ‘Can f be deﬁned

at x= 3 in such a Way that f is
~ continuous at this point ?

(c) Show that f(x)= x'is uniformly
continuous on [0, a], where:a> 0.

(d)' ‘Give an example with justification that
a function is ‘continuoiis at every point
. -but whose derlvatlve does not ex1st
everywhere ; h
d pt

(e) SuppOse f : R >R be deﬁhed by

f(x) Y szn): » for-x:#0 and

f(()): O. Is f! boun_ded" on[-1,1]°?
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[ “AnsSwer any

(@)

’ b

(c)

our parts t
four p " Bx4=0

1f A c R and f A—->R hasalimit at

that fi
R, then prove is boun
scoine neighbourhood of ¢ ded on

Let f(x)=_|2x| 2 for x =0. Show that
im f ()= tim f () = +eo.

x;%O*_. o

Sho{wu that the functio‘r.l . f (x) = | x l is

 continuous at every point ceR.

G‘ivc*;an example to 'show that the
product of two uniformly continuous

. function is: not uniformly continuous

onR. -

Let f [a, b]-)IR be differentiable on

)
| [a,b]. If f'is positive on [a, b], then
 prove that f is strictly increasing on
2 Pa,b]™ 2¢ Y 92044
- () Evaluate;—:1 . -

x>0t \X sinx
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4. Answer any four parts : ‘ 10x4=40
(@). Let J:A—>R and let c.be a cluster
Point of A, pProve that the following are
€quivalent,
MU (0N
(i) For every sequence :('xn) in A that
converges to ¢ such that x, # ¢ for

; 16 E50 o A all xeN, the sequence (f(x ))

) converges to l. : 10

(b) (i) Give examples of funct1ons fand
g such that fand g do not have
‘ limits at a point ¢ but such that

o o both f+ g and fg have limits at c.

| VITETN ) Let ACR, let f"A'—)'lR{‘tand let ¢

! | | | be a cluster point of A. If llm f (x)

‘ e b ex1sts and if |f| denotes the
SRREERY ';functlon def1ned for xeA by
| fl(x) | fxl Proof that
'e.

tim | £] () =| m. f(x)l
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e that the rational functions and

(c) Prov
101711 the sine functions are continuous on R,
915 31 110 ' i ' ' | - 10

(d) (i) LetlI be an interval and let
f: ] >R be continuous on L

Prove that the set f(I) is an

ST SR L 1nterva1 ' 5
...-(i;, e~ A I 4 ; Q;‘ . .
i (17, “'Show that he function
Of ¢ 9 |
f(x)= for erR is uniformly
| _, 14 x? |
mel enoiliidgntinuouson R 0 O
seit flosse

- (e) State and prove maximum-minimum
___theorem.- .1 o o p-1a0 2+8=10

t
S=1 %

L (f) -. (1) If f I - R has der1vat1ve at cel,
- then prove that f is continuous
at c. Is the converse true ? Justify.

h

,
, 1
|
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() If ris a rational number, let
F: R S5 R be defined by

f(x)={ xzsin(f) for x#0

0, - otherwise
Determine those values of r for

Which £/(0) exists. 4

(g) State and prove Mean value theorem.

Give the geometrical interpretation of
the theorem. (2+5)+3=10

(h) State and prove Taylor’s theorem.
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