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fc)

fcl)

Jull marks for the questions.

126=06
Give an example of an infinitc non-
commutative ring with unity.

What is the characteristic of the ring
Z,[i] »

Find all the idempotent elements of Z,,.

Let fl:x}:-ix]+2x2+_r+3 and

g[ﬂ: 3x' +3x'+ 3% v x+ 4 where

f(x). glx)eZ,[x]. Compute f(x).g(x).
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(b)

fc)

(d}

fe)

3. Answer any four parts :

fa)

Show that the polynomial
x* +9x* +12x? + 6 is irreducible over

Q.

Define an Euclidean Domain.

2x5=10
Prove that in a ring R,

a(- b)=(-a)b==(ab) for all a. e R.
Let A and 83 be two ideals of a ring R.
Show that ABC ANB.

If Ais an idca) of o ring Rand 1¢c A,
then prove that A= R.

If R is n commuiative ring with unity
and A is an ideal of R, show that R/A
is a commutative ring with unity.

Let fx)=x'+2x+4 and g{x)=3x+2
in Z,(x). Determine the quotient and

remainder upon dividing f(x) by g(x).

6x34=24

Let R be a commutative ring with unity
and A be an ideal of R. Prove that R/A

is a ficld if and only if A is a maximal
ideal. 6
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th) (1) Let R be a commutative ring and
A be an ideal of it. Show that the

sct jreR|ra=0, forallae A] is
an ideal of R. 3

{it)  Prove that the characteristic of an

integral domain is O or prime.
3

(¢} Decfine a principal ideal domain. If Fis
a ficld, then show that F(x) is a
principal ideal domain. 1+5=6

(d} Let p be a prime and f(x)e Z(x) with
deg f(x)z1. Suppose f(x) be the

polynomial in Z,, [x] obtained from f(x)
by reducing all the coeflicients of ffx)

modulo p. If f{x) is irreducible over
over £, and deg f(x) =deg _;‘Ixj , then
prove that f{x) is irreducible over Q.
Is the converse true 7?7 Justify vour

answer. d+2=0

fe) Prove that in a principal ideal domain,
an clement is an irreducible if and only
if i1 1s a prime. 5

(f} ) Prove that the ring of integers Z is
an Euclidean Domain. 2
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4.

(ie)

(b)

(c}

fii)

Answer angy four parts :

fa)

Prove that cvery Euclidean Domain
ts a principal ideal domain. 4

()

Let

Lct z[\fi] - :ﬂ-ﬁ-b‘EIﬂ.bEz;-
Prove that z(\fﬁ) is a ring under

the ordinary addition and

multiplication of real numbers.

R be a ring. Prove that

a’-b’ =(a + bYla-b) for all q, b in
R if and only if R is commutative.

(i}

{it)

(i)

(i}

4

Define a field. Prove that a finite
integral domain is a field. Hence
show that for any prime p. Z, the
ring of integers modulo p, is o ficld.

1+5+2=8

Show that O is the only nilpotent
clement in an integral domain. 2

Show that
S =la+ibla,beZ, biseven| is a

subring of Z[t] but not an ideal
of Z[i). 4

Prove that the only ideals of a ficld
Fare | 0] and F itsell. 2
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i) Show that "‘7',.,_ is a field.
49
({d) (i} Let ¢ be a monomorphism from a
ring R to a ring S.

Prove that kemel of ¢ is an ideal
of R 4

(ij) Let ¢ be a homomorphism from a
ring R to a ring S. Prove that
R kero= #(R). 6

fe} (1) Il ¢is an isomorphism from a ring
R to a ring S, then show that ¢!

is an isomorphism from S to R.
5

() Let R be a ring with unity e. Prove
that the mapping ¢:Z—-R
given by n-ne is a ring

homomorphism. S
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Let F be a ficld and let f{x) and
gl(x)e F[x] with g(x)# 0. Prove that
there exist unique polynomials qfx)
and r{x}in Ff{x} such that

f(x)= glxlg(x)+r(x) and either

r(x)=0 or deg r(z)<degg(x).

Hence show that if ge F and
f(x)e F[x], then fla) is the remainder

in the division of fix} by x-a
7+3=10
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