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MATHEMATICS
(Honours) |
Paper : MAT-I‘—"IC,'—5016' ,'
(For New Syllabus)
i Complex Analysw )

= Full Marks : 60
* Timé{ : Thrée hours -

The figures in the margin indicate
* full marks for the questions.

1. Answer any seven questlons frorn the
followmg DRI AT g X7 = G

(a)' Descnbe the doméin;o'_f éieﬁhiﬁon of the -

Z § ¥

 function f(z)=; e
~ . Z+Z -

- (b) “ What is the _multi-plic'ative inverse of a

“non-zero complex number z = (x, y_) ?
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(c)

()

(d)

' 1 L)=
Verify that (3,1) (3,~1) (—g, 10) (2:3),

Determine the accumulation points of

the set Z, =—:;(n =1,2,3,..)

Write the Cauchy—Riemann equations

for a function. f(z)=u+iv.

When a function fis said to be analytic
at a point? | " S I

Determine the ‘singular point‘s of the

fun.ctio.n” f(z)= .2.2 i :
AT TRy z(zQ-'Jr_l)"" ;

e,
i) e -
(i) 2e

- (iv) .—26.' - (Choose 'the correct answer)
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0)

NCE

" The value of log (-1) 1s

( o

(i) 2nmi

(i) i

(iv) —ni  (Choose the correct answer)

I z=x+1y, then sinz is

A} sinxcoshy +icosxsinhy

(i) cosxcoshy —isinxsinhy
(iit) cos xsinhy +isin 3;605 hy
(iv) sin xsin hy_ — i cos x coé hy
(Cho_béé ‘the correct answer)'
foosz-0 then

) zinz (=041 £2,..)

G Z=Zenm(n=0,£1£2.)
(i) z=2n7, (n =0, + 12,0y

: __(Chc’mée the -@ofrect anéwer‘)
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) Iz is a point in the z-plane, thep

i) B f(ﬂ:o,

(i) ii_%_.(z_fo |
(W] lim(,)—l-i-—zo‘ -
.z f(_J ,

- (Choose the correct answer)

2. Answer any four questlons from the
following : i LAl e 2><4 8

/fj Reduce the quantlty 2%

ﬂa—a@fa@40‘

" to a real number T il

(Lb}’ Deﬁne a connected set and give one ',
. example.’ '
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(c) Find all values of 5 such that
exp (2z-1)=1.

| (d} Show that log (13);7; 3109 {.

| (¢) Show that

2sin(z, + Z,) sin (z1 = zz) = €052z, - cos 2z,

(1l If zyand Wy are. points in the z~plane
and w plane respectively, then

- brove that jim f(z)=c if and only if

. 2oz

im ot e,
zZ—2g f(Z)

el ol e e D 1o
T B 1 Is any poin

 interior to simple closed contour C.

" (W) . Show that [eqgr-Y3 L
R L e
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3 Answer any three questions from the
following : 5%3=18§

w.,:fﬁ?r (i) 1 aand bare complex cqnst;ants,
use definition of limit to show that

lim (az+b)=azy+b. 2
zszy

(ii]  Show that

2
lim | Z :
m | =1 does not exist. 3
20\ Z

(b) Suppose that lim f(z)=w, and |

. 222
im F (z) =W,.

Z—)ZO R ‘

Prove that i N S T

. s zin.;,lo [f(Z)F(Z)] woWo..
(c) (i) Show that for the funct1on

, f('z:)'::."z_',’ f() does not exist
: »anyWhefr;. | Sa g ICTEET- P

M Show that lzm Figd AT RERL - D
‘ : Z—)oo(z 1)2
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(d) (i) Show that the function
/ (Z)= expz is not analytic
anywhere. .

(i) Find all roots of the equation

logz—iz.' ke L,
9 2

(e) If a function f 1S analyt1c at all
points interior to and on a simple
~ closed contour C then prove that

ff dz=0. .

A7 Elval'u'ate’: e e Aol

R jQz+1 R L

Where C denotes the pos1t1ve1y orlented A s
"'boundary of the square Whose sides he:. ) |

along the lines x= i2_ and y=12.
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{g) Prove that any polynomial
| 52 Syl :
P2) = g + Az + @2 +ot 02 (@ #0)

“of degree n(n 21) has at least one zerg,

(h) Find the Laurent series that represents '
N R
the function f(z)=z"sin — in the

donlai110<|z\<oo.

Answer any three '_questions from. the
zfollowing":] heie , -_-.1O><_3=30 ,
(a) 9/ i a. funct1on f1s cont1nuous

throughout a reg1on R that is bothh
; olosed and bounded then prove

that there ex1sts a non negatlve,
o i_real number u such that l flz \ /I

At . for all po1nts z in, R where equahty
L fholds for at 1east one such z.
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(ii)

: ""‘(‘1'9_) | (i)

‘~, voiged ”(iii)

Let a function

f(z)=ulx, y)+iv(x, y) be anaiytic
throughout a given domain D. If

| f | 1s constant throughout D,

_then prove that f(z) must be

constant there too -3

Show that the function

flz)= sinxcoshy +zcosxsmhy
is entire. . b . B

Suppose that f(zo) g(z,)=0 -

:and that f (Zo) (ZO) exist, where

.‘_:‘g(zo)iO Use def1n1t10n of
-Vderlvatlve to- show that o

&) fle)

lim 2220 = TR

L 2922 g(Z) tg- (ZO) :
| 'L','-.]-/ '~' .’j:. \(‘il:)ﬁ '.
""".ar_lypomt if f(.)=.2x+ixy2-

_Show that f ( ) does not exist at

3

-If a function fis a’rieilytic at a given

- point, then 'prove that i

derivatives - of all orders are-

analytic there too. - 4
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f Let the function i
/1 flz)=u u(x, y)+w(x, y) be definegq
throughout some g—neighbourhoqd of

point zo-xOJ}iyb If Uy Uy Vv
exist everywhere in the neighbourhooq,
and these part1a1 der1vat1ves are

contmuous at (xo, yo) and satlsfy the'

| Cauchy—Rlemann equatlons at (xo, yo)

then prove that- f(zo) exist and

I (Zo) U, +iv, where the r1ght hand

" 31de 1S to be evaluated at (Xo, yo)

,@Use 1t to show that for the. function
| f (2)5 Y, f'(z ) exists everyWhere ;

"and f"( ) =iz | - 6+4=10

(d) (z) Prove that the existence .of: the
derivative of a function at a point
“implies the continuity of the

. function at that point.
- With the help of an example show
o that the continuity of a function
gt a point does not imply the
emstenee of derlvatlve there.

3+5 8
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(ii}l Find f'(z) if

(e) ()

fle)= 2t (“JJ

2z +1 2

L dz E ‘
Prove that J.;-=ﬂl where C is
C '

the right-hand half z=2e"

" i 7\ ek
i (“5<9<§) of the c1rc1e ‘z]

_‘"'fr'_or"n'._"z“";:'—z'i't‘o 2220 S

b 3a- function f 1s analytic

£ everywhere inside and on a simple

'-‘-closed contour C taken in: the
~ positive sense, then prove that‘ -

2mt

- f'(Z)= lj f(s) as where. S |

(i (s= | Z)Q

“'denotes pomts on C and z is

e flIltCl‘lOI‘ to C. SEEEE ».5

3(Sen=S/CBCY MATHCL{NjOG 11 Contd,



() () Evaluate I= _[Za—l dz
c

where C is the positively orienteq
circle z=Re"(-r<0= Zf) aboyt
the origin and a denote any non.

zero real number..
If a is a non-zero integer n, then

: ' n-1
what is the value of IZ dz
‘ 2 C
| 4+1=5
)" .-Let C denote a contour of length
L, and suppose that a function f(z)

is piecewise continuous on C.If g
tav 18, il non- negatlve constant such -

.,that | f(z)|<n for all point zon C
- at which f(z) is deﬁned t_hen_prove

M8 g | filz) dz s
G c

Ase 1t to show that
Where C is the arc of the Clrcle '

,zl-2 fromz .0 to z= 2i that lies

in the Ist quadrant 3+2=5

J-dz

T
<=
3

czl
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)

G

(1)

- (i)

Apply the Cauchy-Goursat
theorem to show that If (z)=0
c

when the contour C is the unit

circle ‘lz’=1 in either direction

and f(z)= ze™”. %
If Cis the positively oriented unit
circle }z] =1 and f (z.):e'xp(Qz) -

ﬁndJJAL(Z—)d’z_ | . 3

4.
ol i

Let z be any point'inte'rior to a
positively ‘oriented simple closed

- curve C, Show that

NN

(di)

, dz 5 |
J-- ' +1 .:O’ (n-:l,'Q,---v)."A 3

Suppose that Z =X 1 yn, ¢
(n =1, 2, ) a‘ma‘”z = x_+ iy . Prove

that lim z, =z if and only if

n—>o

jim x,=x and lm y,=y. 5

e AT A

Shé_w that . ‘
SH A g it
z”(lz, <00) |
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