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Jull marks for the questions.
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Full Marks : 80

(Riemann Integration dnd Metric Spaces)

1. Answer the following as directed :
1x10=10

(a) Define the discrete metric d on a non-
empty set X.

Contd.



(b) Let F, and F, be two subsets ofa metric |

(d) Let (X,d) be a disconnected metric
space (X, d). Then f space.
We have the statements :
() FRUF,=FNFE ¢ I There exists two non-empty disjoin
(LR =ANFk % subsets A and B, both open in X,
) RUR=FRUE | such that X =AUB. o
: II. There exists two non-empty disjoint
- = P d B, both closed in X
(i) FOE <F i subsets A and B, )
M =hNF such that X=AUB.
NI PR | .
(v) FNF,=FUF, <k () Only I'is true
] i) Only I is true
(Choose the correct opti | !
El ) v (iii)) Both I and I are true
() Let (X, d) be a metric space and A c X. | (iv) None of I and I is true
. Then it ) _ ' : (Choose the correct option)
() IntA is the ’largest open set ) - (e) Find the limit points of the set of
contained in A. rational numbers Q in the usual metric
) _ R,.
(@ IntA is the largest open set ’
containing 7 AT, L - () In a metric space, the intersection of
fii) infinite number of open sets need not

IntA 1s the 1ntersectlon of all open be open. Justify it with an example.

Sets contained in A, ' ‘

(g) Define a mapping f: X - Y, so that

| the metric spaces X=[0,1] and

(Choose ¢t | . Y =[0,2] with usual absolute value -
he correct Optzon) 'r metric are homeomorphic.

(lU) IntA =A
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(h) Define Riemann sum of ffor the tagged

partition (P, t). (@) 1 misa positive integer,

prove that [m+1=m!

(i) State the first fund
 foiie amental theorem of | (e) Let f(x)=x on [0, 1].
. . |
8 . 3 ‘ Let P= Xi =" l:O,....4
() Examine the existence of improper %
Riemann integral ¥ - Find L(f, p) and U 5P )-
(s o] dx .
I Tepe 22 3. Answer the following questions (any four):
- ¥ 5x4=20

2. Answer the followin : | (@ Let (X,d) be metric space and F be a
u t B — ; £ . .
R z‘ ' subset of X. Prove the F 18 closed in X

(@) Prove that in a metric space (X,d) | if and only-if F" 15 open.

every open ball is an open set. . | (b) Define diameter of a non-empty
bounded subset of a metric space
(b) Prove that th ' | °
T fe( ~f;1n0t210f1 f:[0,1]-> R , (x,d). f Ais a subset of a metric
i y JX)=x" is an uniformly = space (X,d), then prove that
vous mapping. | | d(a)=d(A)- ‘
e Tt g , o 1+4=5
. , and dg be two matrices on a (c) Let (X, d) be a metric space. Then
: uiearilpty set X. Prove that they are f prove that the following statements are
SEChV t]—(:nt if there exists a constant K | ‘equaralent &
t | ; ] )
. - | : @ (X,d)is disconnected.
—dy(x,y)<d _‘ (i) There exists two non-empty
K 1(x,y)< Kd,(x,y) ' disjoint subsets A and B, both

3 open in X, such that X = AUB.
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(d) Let f’ g - [a: b]"“)R be integpab]_e : or _
functions. Then prove that f+g is P : :
integrable and ‘ N (@) () Show that d(x, y)=+lx-yl

i it ’ defi metric on the set of reals.
Ia\f+9)(x)dx=jaf(X)dx+jag(x)dx efines a als

(i) Show that the metric space
x =R" with the metric given by

dp(x,y)?(lef~yil?')}‘§’, px1

{e) Discuss the convergence of the integral

[ b Tmc
1. P for various values of p.

() Consider f: [0,‘1]__)}3 defined by | o whe;'e x = (xl, JQ) ..... ’.Cn) and
320 ‘ ey b i 2ty : y =y, Yg--eee y, ) are in R" is
f(x)=x". Prove that fis integrable. 5 COInlpleie men:’;c space. B
4. Answer the Tollowing queations -~ Towdezg |- i 20 f) Let (X,dy) and (¥,dy) be WO .
@ @ | - 2 -+ metric spaces and f:X >Y.Iff
Let X be the set of all bounded " ' is continuous on X, prove the
sequences of numbers { X; }~,>1- : , following : - A 3+3=6
u h ; g 12 S : 3
such that SLitplin < o, o | » ;) FB) f——l(B) for all

subsets of Bof Y

For x={x;};5; and y={y,
MiSix y= e . g —— ‘
{y }zzl_l_n_ (i) f(A )g f(A) for all subsets

X define d(x,y)=sup|xi'—yi]. ' "-}
ip | ,

P A of X
rove that d is a metric on X . (i) Let (X, dy ) and (Y,dy) be two
. ; 5. ] 2 . metric spaces and f:X—->Y be

(i) Prove th
: erge
In a metric s fe0< scquenice

pace is C
sequence. [s th a Cauchy ;
) : e E : : =
Justify with an ex:;g}‘j’legse. ;rue ? 7k s in X, then W (xn)}nzl is a Cauchy
G sequence in Y. ' 4

uniformly continuous. Prove that

if {x, }.»1 is a Cauchy sequence
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(b) Define fixed point of a map
: Pin

T:X->X. Let

space (X,d). Prove that T hag
aQ

unique fixed point.

© @
(i)
(¢ @)

_2+8= 10

Prove that if the metri
. . . IC :
(X, d) is disconnected, thenst%a:;:

exists a continuous mapping of

(X,d) onto the discrete twoq

element space (X,, dy ). 5 |

Let (X, d) be a metric space and
O . ‘ . )
A%, BO are interiors of the subsets

A and B respectively. Prove that |

(anB) = A°N BY;
(AUBY 5 A°UB°. s
Or Sl

lerr:n 1S a non-empty subset Y of
etric space (X, d) said to be
Egnnected? Let (X,dy) b
f‘n(r;(ected metric épgce :ngl
Lot e bt ey
linuous mapping. Prove that

the space f(
: ] X ) with the i
induced from Y is connectelc?iqetrlg
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; be

contraction of the complete met a |
Tic |

@ Let (X d) be a metri

(d) ()
(1)
(d) (@

¢ space and

X is separable then prove

a=P. Y :
d metric 1S
5

that Y with the induce
also separable.

ann integrable on [a, b]

If fis Riem
that it 1s bounded on
5

then prove.
[a,b]-
When is an improper Ri

integral said to exist?
Show that the improper integral

of  Fle)=]xl 2 exists on [-11]
and its value is 4- 145

. or

Let f:[a, b]>R be integrable.
Then prove that the indefinite

integral F (x)= I: f(t)dt is

continuous on [a, b]-

e that if f is

Further prov
,b], then F

continuous at x € [a

is differentiable at x and
F)=F(). 3+3=6
(i) Evaluate :
T2+ xn 2
im ————— "3 4
x> Jnd 3 :
Contd.
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