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New Syllabusg

(Riemann Integration and Metrio Spaces)
Full Marks : 80

Time : Three hours

| dees Answer the followmg as directed - ~
| o Es 1x10= 10
(a)” Let fila,b] >R be a boundeq

| function and P, Q are partitions of

- Na, bl. If Qis a reﬁnement of P, then
 @~<f®<ufm
(ii) UPVUUQ)
_vaUVLU)
) L(f)<U(f)
. ‘ (Choose the correct optzon) ‘

N (b) Flnd the Value of f e xdx
| g

(c) Show that F(l) = 1
() ,"Deflne Cauchy sequence in a metric
' space.

: [e) State whether the followmg statement
-~ 1s true or false :

- “Each subset of a d1screte metric space
is open.” :
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If th S
| ) mappmg d:R>xR* >R s
defined

8 ik ((xl: Y1), (xz, Ys) ) |x1 xz\

hen
- stat Whlch one . of the folloW1ng

()
(i)

Pavai S unlfOl‘m metric on R2 |

d i .
1S the usual metric on R?

- (it
2 (i) d; is a pSGUdO metr1c on R2

s .(w) None of the above statements 1s true‘
(9) Which of the following statements isnot.
: true ? A T . -

4 (i) : 'In a metnc space Countable union
~of open sets is open.

(i) In a metric space finite union of

' closed sets is closed |

(ii) A non- empty subset of a metric
space is closed if and only if its
complement 1s open * e

_ (iv) None of the above statements is
true

(h) When is a metric Space said to be

connected
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() . State whether the following statemeny
is true or false :

“Image of an open set under a
continuous function is open.”

() ' Under what condition the metrlc spaces
(X,dx) and (Y,d,) are said to be
equivalent? |

2. Answer the following questions:  2x5=10
(@) Letu,v:[a, b] > R be-differentiabl¢ and

u',v' are 1ntegrable on [a, b]. Then show
that |

fu (x)v'(x)dx = [u (X) (X)] fu (x)v (x

{b) Show that a subset F of a metric space
(X d) is closed if and only if F= p.

(¢) Let (Y,d )be a subspace of a metric
space (X, d ) and S (2, r) ‘and |

Sy (z r) are open: balls with center at

ze Y and rad1us rin the metric space
(X dy) and (Y, dy) respect1ve1y

| ProvethatS (z r)= SX(z r)mY
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(d) Show that the 1mag€ of a Cauchy -
sequence under umformly continuous
function is again a Cauchy sequence.

(e) : ShOW that a contractlon mapplng on a

3. Answer any fourquestlons o 5><4=20_

(a) Show -that a bounded function

| f [a b] >R is 1ntegrable if and only if

for each ¢ s, there exists a partltlon P
of [a‘,‘b] such that U (f, P)‘L(f: P)<e.
~ (b)‘ Let g be‘ a"éontiﬁuous functi_oh on the -
i ~c;losledf i_ﬁferVal [a, b] and the function f
be éofitinuouély differentiable on [d, b].
F_urther if f' does »not change sign on
[a, b], then ‘show that there exists
c e' [a, b] such that
Bin s e
£ (9)g(x)dx= f(a) [g (x) dx+f jg (x)dx
a

a
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 Let (X:8) P€ Rimetric space ang

functlon d"XxX - g is defined as

| d(x y) e
d*(x’y) 1+d(x )'VJC,yeX'

- space ' -
(d) Let Y be a non- empty subset of the

| metrlC space (X d) Prove that the :

SubspaCe (Y dy) is COmplete 1f and only |
| 1f yls closed on (X d)
(e) ShoW that Composmon of

“continuous functmns is
ontmuous

two umformly
also umformly

0 J"Show that a metrlc space (X d) is
N d1sc0nnected 1f and only if there exists

a contmuous functlon of (X d) onto the

d1screte two element space (X dy),i.e.

| Xo = {0; 1} and dy is the discrete metric
~on X,. 3 A
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i el g s o] (=20
4. Answer the following questlon-s ' |
n.interval J with

(a) Let f be a function on a
nth deeratwe f (n) Cont1nt10u8 on J. If

a, b € J then shOVV that '

ro)=1 @+ L8 )(b e e
| b —
., Wh‘et¢‘, Rn =_[‘('Gf:1‘)’l’

or
~Let f:[0,1] >R be continuous and
ST oy I 7 2 % |
C; E[—~ —J neN
LR (et 7]
"'Thérf.show that 53

llrrtl S J.f(x

—>d‘7’lll

| .Hence show that

lim =1 X |
nl_’ﬁz 2+n Og\/— 5+5=10
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be the
b Lecy (2D bers - crall sequences
of real i Such that if

. , 5
X = {xn}n?_l E‘l.p ’» then élxllp < 0 ]

Prov_e. Bt t‘he‘ fu‘nction d- i <1, T

1

‘deﬁnedb}’d(x y)= {le -y IP}" |

n=1

is a metric on l,. Also show that lp isa
~ complete metrlc Space. . 4+6=10
) __Le‘:»t (X, d) be a metric space and
 {%u},51» 1Un} s e two sequences in
~ Xsuch that xn‘-—) X ‘an.d Y, >y as

" n->w. Then show that

: d(xn’yn)—)d(x:y) as n —oo. .

RIS | 4
(ii) Let.A(X, d) be a metric space and Y
- a SUbépace of X. Let Z be a subset.

of Y. Then show that Zis closed in
Yifand only if there exists a closed

St F- x suchthat z=FAY- e
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(c) ~What are meant by contractlon mapping
and fixed point of a contraction mapp1ng

in a metric space? If T: X—>X 1s a

contraction mapping °% a complete

| mCtI‘IC SPace then ShOW that T has a

| unique fixed point. (1"'1)'*'8 10

- Or

aalf (X, d) be a metric space, then show
that the .foll_o"'Wing statements 'aret.
~equivalent: | '
i) (X,d) Ais diéeoﬁnected'.

(u) There exist two non-empty disjoint
subsets Aand B, both open in X,

i3 such that ‘X=AUB-
(1) ’l‘here exist two non-empty disjointu
subsets A and B, both closed in X,

such that X=AUB.

(w) There exists a proper subset of X
that is both Open and ClOSCd in X.
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(d) (i) Let fi[a, b] > R be integrable and
x : ’

F(x)= J'f(t)dt;_xe[a, b]. Show

o
that Fis continuous on [a, b]. Also

~ show that F is differentiable at

< xe[a, b] 1f fis continuous at
xe[a,‘b’]'and F(x)=f(x). 7

(i) Let (X;d) be 'a metric space and |
; p:Xx’X—)-'R;; be, defined by
d(xy) A

'0( y)—.l-rd(x,y)’. 3 xXYyeX.
‘Show that d and p are equ1valent’
' metr1cs i T e g 3

(m) Show that a subset G of a metric
 space (X, d) is open if and only if
it is the union of all open balls -

y contamed in G. 5S¢

- (iv) Give example with Just1f1cat1on of
| a homeomorphism from a metric
'~ space onto another me_:tr1c sSpace
~which is not an isometry. = 5
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(@)

m

(d)

(iv) O

Old Syllabus
- Fun Marks : 60 -
(Complex Analysis)

Time : Three hours

. Answer the fOHOWlI’lg as dlI‘CCted - Ix7=7

Determme the accumulatlon point of

the Set zn = r (n = 1; 2) 3, .)
BT e I

VA

Describe the doinain of f (Z) = =
ot B | : ‘ z+Zz

Deﬁne an entlre functlon

Determme the smgular pomts of

2z+1’

zZ 8o
f( ) (z +1)
The.véilue of loge is-
T L
(1) 1+2n7ii |
(i) - 2nai

(Choose the correct option)
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-1)" .
(H lim [-2+i*—;§"’ J 3 cqual to

0 et »‘(ii)' =
(i) _2+i (iv) limit does not exist

P I AL
0 _‘E__*é_e-‘--' ) Ete®
eZ+e? e?-pg-z

(iv).
{Ch'o:ose--the" correct .bption)

(i)
2. An_s'wefthe folloWi'ng'fque‘st'ions . 2x4=8
(a) .Sket'ch;_the»set : G2k i
o lz—l%ilsl
(b) Prove that- f'(Z) exists every virhe_re for
the function f(z)=iz+2.

(c) If f(2)=2, prove tflat‘li_n}) f(z) does

. = | psg ? \Z)
not exist. |

;¢

| 2y N2 A
 (d) Evaluate I(——i] dt .
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3. Answer |

any three questlonS from the

followmg | | Sx3=15

@ ) Show that if e* is real, then

~(b)

Imz'=‘n7r(n=0, t1, iQJ"') -3

(i) Show that exP-.(zi'S”i—) =-e’, . 2

‘ ‘Suppdse thét- f( ) =u (x y) +1iv (x, y)
._Where z x+ ly and zO =X + lyO ’

Wy =u, +wo ‘Then prove that

5B lzm f(z) wo‘}f |

(c) »Show that f ( ) exists evefywhere,-

- z-)zo
llm ey v st
‘ ._(‘x,y)—>(x0,y'o) u(x, y) uo and_
Clim b l_(jc‘,:y)'—_\-v0

‘(x‘ y)—>(xo yo)

g .when f()

@)
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denote the pOSiti\}el oriented
Let C f .the square Whoge slizieeré_ lie

the IINES X =42 anq ¢y =12.

e ?dz

evaluate gz_(ﬁiQ) E,

4. 'Answer either (a) or (b) and,.(c) ‘2‘

' (a)

" Also show that f'(2)=u, +iv =v
- where partial derivatives are to be
“evaluated at (%9, Yp). i 4 (o)

¥

suppose that f(2) =u(x, y)+iv (x,y)
and that f (2) exists at a point

74 = Xo +1Y0 Prove.that the first order

partial derivatives of u and p must exist
o (xo,yd) and they must satisfy the

C‘a-uchy-Riemann €quations Uy = Uy

‘and Y, = "Ux there. -}

y_lu

y

Or

1If z, and w, are points in the z-plane

and w-plane respectively, then prove
that lim f(2)=c. if and only if-

' Z—)ZO
e =0
z—>z f(z) ‘
| | .. iz+3.
Hence show that- lim = 2
A" z>-1 Zz+1

4+2=6
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(€ I gy (2)=z .exmine Whether' |

dw e ' | o
dz eXlStS,Or'th. Y _

5. Answer elther (a) s (b}
(a} Let C denote a contour Of length L and

‘SUuppose that a functlon f(z) S

"pleCGWlSe continuous OI1l C If-M is a
' non-negative constant such that

| ’f (z)] <M for all points zon_ C at which -

' f (Z) 1S deﬁned then prove that

ff(z

' He-nce ‘show that :

.dz_

< T
z? -1

23 W_he_re C is the arc of
dc ' [

- g the sem1c1rcle lzl 2 from P to""

z="2i that lies in the first quadrant
: 10
: - Or . ,
| (b) State‘ and prOVG Liou‘ville’s‘ theorem.
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o.

3 (Sem-6/CBCS) MAT He I(N/oj)c 16

Answe

(@

(b)

(c)

| @

- function f(2)=lz S e e

r either (aj} (b)’ (C) or (d) ‘

‘prove that if & series of Complex numbers

converges, then the ntp, ¢

+4 lerm converges
to zero as n tends to Infi

nity. 3
Test the" conv.ergency' of the | sequence

Find Macllauri‘ri’sf -Series for the entir
4.
or | |

Suppoée that a.function f.is analytic-

” throughout a disc IZ,—'zol <R, centred

at z, and with radius R,. Then prove

that f(z) has a power series
representation 4

T3 (5= 20)" (o2 <o)

where q_ ;L(?i)_(n = 0,1, 2,)
13200




